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We show that gapless modes in relativistic hydrodynamics could become topologically nontrivial
by weakly breaking the conservation of energy momentum tensor in a specific way. This system has
topological semimetal-like crossing nodes in the spectrum of hydrodynamic modes that require the
protection of a special combination of translational and boost symmetries in two spatial directions.
We confirm the nontrivial topology from the existence of an undetermined Berry phase. One possible
origin for the non-conservation terms of the energy momentum tensor is an external gravitational
field which could be generated by a specific coordinate transformation from the flat spacetime. This
suggests that topologically trivial modes could become topologically nontrivial by being observed in
a special non-inertial reference frame. Finally we propose a holographic realization of this system.
Introduction. Hydrodynamics is the universal low en-
ergy theory for systems close to local thermal equilib-
rium at long distance and time. It could describe a va-
riety of physical systems ranging from matter at large
scales in the universe, the quark-gluon plasma [1], to
Weyl semimetals [2, 3] and graphenes [4] in the labora-
tory. At small momentum and frequency, perturbations
of a hydrodynamic system away from the equilibrium
would produce sound and transverse modes [5]. These
modes are gapless whose poles are at ω = k = 0, which
reflects the fact that energy momentum is conserved.
During the last decade, topologically nontrivial quan-
tum states have been discovered in condensed matter
physics [6, 7]. Later it has been found that many classical
systems have nontrivial topological states too, including
topological optical/sound systems (see e.g. [8–10] and
references therein), which have also been observed ex-
perimentally.
It raises the question if the gapless modes in relativis-
tic hydrodynamics could also become topologically non-
trivial under certain conditions. In this paper, we start
from the relativistic hydrodynamics and show that after
weakly breaking conservation of energy momentum, hy-
drodynamic modes could become topological semimetal-
like nontrivial states that require the protection of a spe-
cial spacetime symmetry.
Effective Hamiltonian and spectrum in relativistic hy-
drodynamics. We focus on the simplest hydrodynamic
systems with no internal charges whose only conserved
quantity is the energy momentum tensor that satisfies
∂µT
µν = 0 . Up to the first order in derivative, the con-
stitutive equation for the energy momentum tensor in the
Landau frame is
Tµν = uµuν + P∆µν − η∆µα∆νβ(∂αuβ + ∂βuα
− 23ηαβ∂σuσ
)− ζ∆µν∂αuα + O(∂2) ,
where ∆µν = ηµν + uµuν , , P are the energy densities
and pressure and η, ζ are the shear and bulk viscosities.
With small perturbations away from equilibrium, the
system would respond to the perturbations and develop
hydrodynamic modes. There are four eigenmodes of the
system. Two of them are the sound modes propagating
in the direction of k = (kx, ky, kz) with the dispersion
relation ω = ±vsk − iΓsk2 , where vs =
√
∂P
∂ and Γs =
( 43η + ζ)/( + P ). The other two are transverse modes
with ω = −i η+P k2. To the first order in k, dissipative
terms disappear and the spectrums of the four modes are
real, which cross each other at ω = k = 0. This spectrum
looks similar to the spectrum of Dirac semimetals, except
that we have two extra flat bands here.
To change the spectrum to a topological semimetal-like
one, we need to add non-conservation terms of Tµν into
the conservation equations. As a first step, we develop
the notion of an effective Hamiltonian in hydrodynam-
ics. Substituting the constitutive equations for the per-
turbations δTµν into ∂µδT
µν = 0 , we could rewrite the
equations into the form
i∂tΨ = HΨ (1)
where we have defined
Ψ =

δ
δpix
δpiy
δpiz
 , H =

0 kx ky kz
kxv
2
s 0 0 0
kyv
2
s 0 0 0
kzv
2
s 0 0 0
 (2)
at leading order in k, i.e. omitting dissipative terms at
O(k2).
In this way, in analogy to the electronic systems [11]
we have defined an effective Hamiltonian matrix H whose
eigenvalues give the spectrum of hydrodynamic modes.1
1 Note that this effective Hamiltonian is different from the hydro-
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2The four eigenvalues of the matrix Hamiltonian above
give the sound modes ω = ±vs
√
k2x + k
2
y + k
2
z and dou-
ble copies of transverse modes ω = 0. The form (2)
is the “free” Hamiltonian matrix for a conserved energy
momentum tensor.
Topologically nontrivial modes. To deform the spec-
trum of the hydrodynamic modes, we introduce non-
conservation terms for the energy momentum tensor and
make sure that the non-conservation terms are small
enough to stay within the hydrodynamic limit. The non-
conservation of energy and momentum could come from
a certain external system which couples to the hydrody-
namic system under study. We assume that the consti-
tutive equations for perturbations of the hydrodynamic
system being considered do not change.
We take a 4D hydrodynamic system and introduce
non-conservation terms for Tµν as follows
∂µδT
µt = mδT tx , ∂µδT
µx = −mv2sδT tt ,
∂µδT
µy = bvsδT
tz , ∂µδT
µz = −bvsδT ty ,
(3)
where m terms gap the spectrum while b terms change
the momentum position of the crossing nodes in the spec-
trum. Note that m terms mix the energy density and
momentum density in x direction while b terms mix the
momentum densities in y and z directions.
After substituting the fluctuations of constitutive
equation into (3) we obtain
i∂tΨ = HΨ (4)
where Ψ =
(
δ, δpix, δpiy, δpiz
)T
and
H =

0 kx + im ky kz
(kx − im)v2s 0 0 0
kyv
2
s 0 0 ibvs
kzv
2
s 0 −ibvs 0
 . (5)
H is similar to a Hermitian matrix as could be seen by re-
defining δ→ 1vs δ. Thus this effective H has real eigen-
values and the factor vs could be ignored which could be
taken back by an inverse transformation when necessary.
The spectrum of the hydrodynamic modes for (5)
ω = ± 1√
2
√
b2 + k2 +m2 ±
√
(k2x +m
2 − b2)2 + (k2y + k2z)2 + 2(k2y + k2z)(k2x +m2 + b2) ,
where k =
√
k2x + k
2
y + k
2
z .
Figure 1 shows this spectrum as a function of kx for
ky = kz = 0 in three different situations: m < b, m = b
and m > b as well as for ky > 0, kz = 0 at m < b. The
effect of m terms is to gap the two sound modes. The
effect of b terms is to lift and lower the two transverse
flat bands to symmetric positions of opposite sides of the
k axis. In this way, the modes have band crossings at
nonzero values of k for m < b.
From figure 1, we could see that for m < b there are
four band crossing nodes at ky = kz = 0 while kx 6= 0,
and for these nodes ω 6= 0. These four nodes are still
points in the expanded space of ω, kx, ky and kz as can
be seen from the fourth plot in figure 1. For m = b >
0, the system becomes critical with two nodes and for
m > b the system becomes gapped again. This behavior
is qualitatively similar to the topological phase transition
of a topological semimetal [12].
The m terms in (5) do not gap the four band cross-
ing nodes in the m < b case, however, if we have extra
m terms in the y or z directions, the gaps will open no
dynamic Hamiltonian, e.g. in section 2.4 of [5] in the sense that
this effective Hamiltonian matrix ΨT (−k)HΨ(k) gives the “ki-
netic” part of the Hamiltonian while the latter only counts in the
potential part associated with the source terms.
��
ω
��
ω
��
ω
��
ω
Figure 1. The spectrum of the modified hydrodynamics with
dynamical equation (3). From left up to right down: the first
three plots are for m < b, m = b and m > b respectively and
ky = kz = 0. The fourth plot is for ky > 0, kz = 0 and m < b.
matter how small the y or z mass parameters are. The
spectrum in this case looks the same as the bottom right
one in figure 1. In this situation, there are no crossing
nodes anymore. This means that the nodes should be
topologically nontrivial under the protection of symme-
tries that forbid the m terms in the y and z directions.
We will see later that the symmetry needed here is a spe-
3cial combination of translational and boost symmetry in
y and z directions. In this sense, the system (3) experi-
ences a symmetry protected topological phase transition
that happens at the critical point m = b.
Note that for the hydrodynamical modes ω(k = 0) is
not zero anymore due to the non-conservation of energy,
i.e. energy is constantly pumped into or out of the sys-
tem. These crossing nodes at m < b are dissipative when
order k2 terms are taken into account. This is differ-
ent from the ω = k = 0 nodes which are real poles in
hydrodynamics with unbroken translational symmetries.
The new m and b terms above are not dissipative so
they only change the shape of the spectrum while do not
introduce any imaginary parts in the dispersion relation.
In contrast, momentum dissipation terms in e.g. [13–15]
are dissipative terms.
Possible origin for non-conservation terms of Tµν . The
simplest way to have the non-conservation terms of Tµν
in (3) is to introduce an external rank two symmetric
tensor field fµν . There are at least two possible origins
for fµν .
The first possibility is to consider an external sym-
metric tensor matter field fµν that couples to the energy
momentum tensor of the system and contributes an effec-
tive fµνT
µν term to the Lagrangian of the system. With
this extra term the energy momentum of the system will
not be conserved as it can be transferred to the external
system.
Omitting terms at order of O(k2) or higher, we get the
non-conservation equation for Tµν [16]
∂µT
µν = T ρµ(∂νfρµ − 2∂µfρν) . (6)
With this equation, we could switch on the following com-
ponents of fµν to get the form of effective Hamiltonian
(5)
ftt = fxx = mx , ftx = fxt =
1
2
mt(v2s + 1) ,
fty = fyt = −1
2
bvsz , ftz = fzt =
1
2
bvsy .
(7)
The second and more natural possibility is for this exter-
nal field to be a gravitational field hµν . Then the whole
metric field is gµν = ηµν+hµν and the energy momentum
tensor is conserved as ∇µTµν = 0 in the new spacetime
so that ∂µT
µν = 0 does not hold anymore. Expanding
this equation in hµν we get
∂µδT
µν = −1
2
∂αhδT
αν − 1
2
ηνβ(2∂µhαβ − ∂βhµα)δTµα .
(8)
Again, we have assumed that O(hµν) ∼ O(k) and only
kept leading order in k terms. To get the exact m and
b terms in the effective Hamiltonian (5), hµν should be
chosen to be the same as fµν in (7).
2
This graviton field hµν could come from sources of
massive matter and more interestingly it could also
come from a coordinate transformation from the flat
Minkowski metric by x′µ = xµ + ξµ with
ξµ =
(
mxt
2
,
mx2
4
+
mt2
4
v2s , −
b
4
vszt,
b
4
vsyt
)
. (9)
This is an intriguing result as usually a nontrivial grav-
itational field could not be transformed to a flat space-
time globally but only locally. It could be checked that
this new metric field has all components of the Riemann
tensor vanishing at leading order, thus could be trans-
formed to the flat spacetime. Though equivalent to a
flat spacetime, hµν could still be viewed as a non-trivial
gravitational field according to the equivalence principle.
This result suggests that in a specific non-inertial frame,
we could observe hydrodynamic modes that are topologi-
cally protected even when they are topologically trivial in
the original inertial frame.
Note that in this case, with nonzero components of hµν
the constitutive equations for Tµν could also be written
into a covariant form thus leading to extra terms com-
pared to the original constitutive equations. However, it
can be explicitly checked that these extra terms do not
contribute to the equation (3) at leading k ∼ m, b order.
Now we could work out the symmetry of the system (3)
as the isometry of the metric gµν = ηµν + hµν , i.e. coor-
dinate transformations that leave gµν unchanged. The
symmetry could be viewed as the Lie transformation
of the Poincare symmetry generated by the vector (9).
Among the ten generators of this new isometry [16], two
of them are responsible for forbidding m terms in the
y and z directions and protecting the nontrivial topo-
logical states, which are generated by xµ → xµ + µ,
where µ = ayχy+azχz with χy =
(− bzvs4 , 0, 1, − btvs4 ),
χz =
(
byvs
4 , 0,
byvs
4 , 1
)
and ay, az two infinitesimal con-
stants. χy (or χz) is a special combination of the y (or
z) direction translational symmetry and the boost sym-
metry of the t-y (or t-z) direction.
Finally we mention another possible circumstance to
have this nonzero hµν , which could arise in analog gravity
systems, i.e. certain materials could give rise to effective
hydrodynamic equations as if there exists a nontrivial
gravitational field.
Topological invariant. For systems protected by a certain
symmetry, we could calculate the topological invariant at
a high symmetric point in the momentum space, which is
2 We assume that we are working in a large but finite volume of
spacetime and m, b are so small that mx, by, bz,mt  1 in the
finite volume. We ignore the boundary effects as the volume is
large.
4ky = kz = 0 in this case. There is a charge conjugation
symmetry for the solutions and we could focus on the
lower two nodes in the left top plot of figure 1. Here as
we are in zero effective residual spatial dimension, the cal-
culation of the topological invariant is different from the
Berry phase or Berry curvature for nodal line or Weyl
semimetals. For the left node at kx = k1 in the left
top plot of figure 1, the green solution at the left limit
kx → k1− and the right limit kx → k1+ are denoted as
|n1〉 and |n2〉 separately. We could define a Berry phase
between the two states e−iα = 〈n1|n2〉|〈n1|n2〉| to denote the
topological invariant here. If the Berry phase is an un-
determined one, i.e. |n1〉 and |n2〉 are orthogonal to each
other, the system would be topologically nontrivial as the
two states cannot be connected without passing through
a singularity, which means the lower band and the upper
band could not be separated by small perturbations.
In (3), |n1〉 = 1√2
(
0, 0,−i, 1) and |n2〉 = 1√
1− 1
v2s
(
−
i
√
m2+k2x
vs(m+ikx)
, 1, 0, 0
)
. Therefore 〈n1|n2〉 = 0, which means
that the Berry phase is undetermined. From the ar-
gument above the two bands cannot be separated eas-
ily by a gap without going through a topological phase
transition. Similar behavior of an undetermined Berry
phase has also happened for the holographic nodal line
semimetals [17, 18].
This result confirms that the four nodes in figure 1 are
topologically nontrivial protected by a special combina-
tion of translational and boost symmetry in the y and z
directions. At the same time, the Berry phase accumu-
lated through the whole circle around this node would
be trivial indicating that it is indeed topologically trivial
without the symmetry.
Transport properties. We can follow the calculations in
[5, 19] to compute the heat transport for this system to
uncover more observational effects. We obtain
κxx(ω, kx) = − iω(+ P )
T
(
(k2x +m
2)v2s + i
η
+P ωk
2
x − ω2
) ,
κyy(ω, kx) = κzz(ω, kx) = − k
2
xη + iω(+ P )
T
(
b2v2s + (iω +
η
+P k
2
x)
2
) ,
κyz(ω, kx) = −κzy(ω, kx) = (+ P )dvs
T
(
b2v2s + (iω +
η
+P k
2
x)
2
) .
With the formulae above, when m = b = 0, all
components of the DC heat transport diverge. For
generic m and b, we have vanishing DC heat trans-
port κxx(0, 0), κyy(0, 0) and κzz(0, 0) while κyz(0, 0) =
−κzy(0, 0) = +PTbvs . These m and b terms eliminate the
unphysical divergence of DC heat transports and lead to
interesting vanishing DC heat transport behavior.
O(k2) effects. O(k2) terms lead to dissipative effects and
give rise to imaginary parts of frequency in the spectrum.
The O(k2) terms make the effective Hamiltonian matrix
non-Hermitian. Here we still keep terms at m ∼ b order
while not m2 ∼ b2 order assuming that m ∼ k2.
From the eigenvalues of Hamiltonian with O(k2) effects
included we find that the real part has not changed while
imaginary parts appear. At the four nodes, the imagi-
nary parts are not zero indicating that the four nodes
are dissipative in comparison to nondissipative nodes at
ω = 0 in the usual hydrodynamics. The imaginary part
for each of the band has a jump at the crossing nodes
at ky = 0 in the kx axis, i.e. the imaginary parts of the
same band are different at the left and right limits of the
singular node. This behavior is similar to the behavior
of the eigenstates when calculating the Berry phase and
thus provides another piece of evidence of the existence
of a symmetry protected topological singular node.
Ward identities and holographic realization. The physics
of hydrodynamics has been studied extensively in holog-
raphy for strongly coupled systems [20–22]. We aim to
construct a holographic system possessing the same non-
conservation equation of (3), thus providing an example
of this system in the strongly coupled limit.
Holographically we could also perform a coordinate
transformation to get a non-inertial frame version of
AdS/CFT correspondence which has the metric gµν =
ηµν + hµν at the boundary. This system should have the
same spectrum of the hydrodynamic modes. As a first
step for a confirmation, we need to show that our holo-
graphic system indeed has the non-conservation of (3).
For this purpose, we will first obtain the Ward identities
for Tµν in the non-conserved hydrodynamic system from
(3) and match these identities to those in the holographic
non-inertial frame system.
In the case that these non-conservation terms come
from a gravitational field, we could start from the covari-
ant conservation equation ∇µTµν = 0 and differentiate it
with respect to gλρ to obtain the Ward identities in the
momentum space of the boundary system. We could as
well choose to treat hµν as an external effective matter
field and perform the same procedure starting from (6).
The final results are exactly the same. To the first order
in hµν the Ward identities are
kµG
µν,λρ(k) + i
[
Γ
(1)µ
µαGαν,λρ(k) + Γ
(1)ν
µαGµα,λρ(k)
]
+ contact terms = 0 , (10)
where the explicit form of the contact terms is omitted.
With nonzero hµν several components of Γ
(1)ν
µα would be
nonzero and contribute extra terms to the Ward identi-
ties of kµG
µν,λρ(k)+contact terms = 0 in hydrodynamics
systems with conserved Tµν [23].
The Ward identities (10) could be reproduced from
the holographic non-inertial frame system where we start
from the usual AdS Schwartzchild black hole and perform
coordinate transformations so that the boundary metric
5becomes gµν = ηµν + hµν . We have checked that the
holographic Ward identities match exactly to the hydro-
dynamic Ward identities (10). The details will be pre-
sented in [16] and the hydrodynamic modes and Green
functions will be systematically studied in future work.
Outlook. Besides the new features in transport coeffi-
cients of this system and the sudden increase of amplitude
at the crossing nodes at nonzero ω and k, there would
possibly be other experimental features that could be ob-
served in laboratories, e.g. graphene and Weyl semimet-
als in a non-inertial frame. We expect the results ob-
tained in this paper could have further applications for
providing more stable hydrodynamic modes. Finally, it is
possible that topologically trivial systems other than hy-
drodynamic systems, e.g. electronic systems, would also
become topologically nontrivial in a certain non-inertial
frame.
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